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Abstract
It is shown that the quantum master equation of the Field Anti-
eld quantization method can be translated into the requirement of
a supereld structure for the quantum action. At the one loop level,
the Pauli Villars regularization is implemented in this BRST super-
space and the case of anomalous gauge theories is investigated. The
quantum action, including Wess Zumino terms, shows up as one of
the components of a supereld that includes the BRST anomalies in
the other component. The example of W2 quantum gravity is also
discussed.
PACS: 11.15 , 03.70
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1 Introduction
The gauge invariance principle is one of the basic ingredients in the
search for a description of the fundamental processes involving ele-
mentary particles. Gauge invariance is translated at the quantum
level into the fermionic rigid BRST invariance[1] and is important in
the proof of unitarity and renormalizability of eld theories [2].
The path integral quantization of gauge eld theories poses some
interesting problems. The naive integration over all the eld congu-
rations would lead to an overcounting of physically equivalent ones. A
mechanism of factoring out this overcounting, at least for some special
kind of gauge eld theories was proposed by Faddeev and Poppov [3].
The Batalin Vilkovisky (BV) formalism[4, 5, 6], also called eld an-
tield quantization, is a Lagrangian BRST procedure that generalizes
the Faddeev Poppov mechanism and also incorporates the idea[1] of in-
cluding sources of the BRST transformations as independent variables
as an important tool for deriving the Ward identities. The formalism
is dened in an extended space that includes the elds and also the
BRST sources, called antields. In this space, the Ward identities,
representing the BRST invariance of the vacuum functional, can be
cast into a general expression, called master equation. One of the main
goals of this general approach is that for the case of gauge theories
with open gauge algebras it furnishes a systematic way of building up
the non trivial ghost for ghost structure. Also quantum corrections
from the path integral measure, for anomalous gauge theories, can be
calculated as long as a regularization procedure is introduced[7].
It is known that superspace formulations for gauge eld theories
can be build up in such a way that the BRST transformations are
realized as translations in a Grasmannian coordinate[8]. It has also
recently been shown [9] that the BV formalism at classical level (zero
order in h) can also be cast in such a BRST superspace form.
Actually, the standard BV formulation poses an obstacle for a di-
rect superspace formulation, as the antields have to be removed from
the vacuum functional by a gauge xing condition. An interesting way
of getting the BV action from a standard BRST approach and as a
by product nding an interpretation for the antields was proposed
in [10]. The set of elds of the classical theory and also the ghosts,
antighosts and auxiliary elds associated to the original gauge sym-
metries is trivially doubled by adding the so called collective elds.
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This leads to new (trivial) shift symmetries. These extra symmetries
can then be gauge xed (adding new ghosts antighosts and auxiliary
elds) in such a way that the BV action is recovered after the extra
elds are integrated out. The antighosts of the trivial symmetries are
identied as playing the role of the associated antields.
The main advantage of this so called collective eld approach to
BV quantization is that before integrating over the extra elds we have
just standard gauge elds. No special role is played by the candidate
antields.
In the present article we will investigate a superspace version of
the eld antield formalism at higher order in h. We will nd out
that the formal master equation implies a certain structure for the
supereld associated to the quantum action.
At one loop level we will see that the Pauli Villars regularization
can be formulated in this BRST superspace. A well dened meaning
can thus be given to the supereld structure of the quantum action.
The example of W2 gravity will nicely illustrate the formulation.
The article is organized as follows: in section 2 we review the su-
perspace formulation for BV at classical level. In section 3 we present
the general form of the supereld associated to the quantum action.
Section 4 is devoted to the one loop level formulation. The W2 exam-
ple is discussed in section 5 and section 6 contains some concluding
remarks.
2 Superspace Formulation at Classical
Level
In reference [9] a superspace formulation for the Batalin Vilkovisky
action at the order zero in h was presented for the case of the Yang
Mills theory. Here we will briefly review this formulation, presenting
it in a general way for gauge theories with closed gauge algebra.
As explained in [9], the standard BV formalism in it’s original form
is not suitable for a superspace formulation. The special role played
by the antields, that are removed by a gauge xing condition, can
not be represented directly in superspace. In order to overcome this
obstacle, one can use the collective eld approach to BV [10].
Considering a gauge eld theory characterized by a classical action
S0[
i] we introduce ghosts, antighosts and auxiliary elds associated
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to the original gauge invariance of S0 in the usual way. The new
enlarged set of elds is then denoted as A. These elds realize the
BRST algebra represented as:
0
A = RA [] (1)
Then we introduce a new set of elds called collective elds ~A
and replace everywhere A by A− ~A. This way we double the eld
content of the theory and at the same time associate to each eld a
new trivial shift symmetry. In order to gauge x these new symmetries
we introduce new ghosts antighosts and auxiliary elds, represented
respectively as: A, A and BA. We have a large freedom in choosing
the BRST transformations for this enlarged set of elds. Following [10]
let us dene the enlarged BRST algebra as :
A = A
 ~A = A − RA[− ~]
A = 0
A = BA
BA = 0 (2)
And the total action as:
S = S0[
i − ~i]− (A ~A) +  [A] (3)
where  [A] is a fermionic functional representing the gauge xing of
the original symmetries (1). The BV gauge xed classical action is ob-
tained if one functionally integrates the vacuum functional associated
with S over A, ~A and BA.
Now, the BRST superspace formulation is obtained introducing
superelds of the general form:
(x; ) = (x) + (x) (4)






In the present case we have the superelds:
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A(x; ) = A(x) + A
~A(x; ) = ~A(x) + (A − RA[ − ~ ] )
A(x; ) = A(x) + BA
(6)
We can also associate superelds to the ghosts and the auxiliary elds
of the shift symmetry but they would have a trivial structure:
A(x; ) = A(x)
BA(x; ) = BA(x) (7)
and would not participate in the supereld action. The introduction
of this superelds is thus irrelevant. Considering the set (6) we can
dene a supereld action as:
S = S0[
i − ~i] −
@
@
fA ~A + Ψ[a] g (8)
This object actually has a trivial superspace structure as it’s 
component is zero ( S = S ). It may thus seem meaningless at this
stage to associate a supereld to the action. We will see however in
the next section that when higher order terms in h are taken into ac-
count the situation is rather dierent. At Classical level, S is BRST
invariant, therefore the associated supereld must have a zero  com-
ponent, expressing what we will see in the next section to correspond
to the zero order term of the master equation. We will see in the next
section that at higher in h the quantum action is not BRST invariant
and the associated supereld structure will not be trivial.
Concluding this section we remark that the superspace action (8) is
physically equivalent to the BV action at classical level. This classical
level superspace formulation is discussed in detail, for the case of the
Yang Mills theory, in [9].
3 Superspace version of the Master equa-
tion
In the eld antield quantization method, the condition of gauge in-












is translated into the so called (quantum) master equation:
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2
(W;W ) = ihW (9)







the operator Delta as:   @r@a
@l
@a
In this section we will investigate the implications of this equation
in the structure of the quantum action in superspace. In other words,
we will nd out that satisfying the (formal) quantum master equation
is equivalent to building up a certain kind of (formal) supereld that
contains the quantum action as one of it’s components.
The quantum action can be expanded in a power series in h as:





inserting this expansion in the master equation (9) one nds a loop
order decomposition:
(S; S) = 0
(M1; S) = iS
:::





(Mq;Mp−q); p  2
::: (11)
In order to investigate the behavior of W with respect to BRST
transformations, let us consider the BRST transformation for some
quantity X in the BV language [11]:
X = (X;W )− ihX (12)
if we choose X = W and consider that we are dealing with a non
anomalous theory such that the master equation is satised we get
from (12) and (9):
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W = ihW (13)
This condition is equivalent to the master equation. Thus, satisfy-
ing the master equation is equivalent, in the superspace language, to
building up a supereld of the general form (representing superelds
as underlined quantities):
W = W + ihW (14)
It is interesting to remark that each term of the quantum action
has a BRST variation that may involve terms of all orders in h. To
illustrate this let us consider the rst terms (assuming again that the
master equation is satised):
S = h2(S;M2) + O(h
3)









Therefore, the associated superelds look like:





M1 = M1 + 

iS + h(iM1 − 2(S;M2)) +O(h
2)






We can see from this expressions that the simple structure of the
supereld W of eq. (14) results from the cancellation of crossed terms
that are present in the superelds associated with the loop order terms
of the action.
Actually the general form for the supereld W of eq. (14) is just
formal, in the same way as the master equation (9) itself. We can only
make sense of terms involving the operator , where two functional
derivatives act on the same space time point if some regularization
procedure is applied [7]. We will consider in the next section the
one loop case, where we will show that the Pauli Villars regulariza-
tion procedure, more suitable for the eld antield procedure, can be
implemented in superspace.
7
We want to build up a formulation that is completely dened in
superspace. Therefore our quantum action will be build up of super-
elds. It would be nice to have a representation for the  operator in
superspace also. This problem will be addressed in the next section.
4 One loop level
4.1 Non anomalous theories
We will now discuss the superspace version of a regularization proce-
dure necessary to give a meaning to the formal master equation and
thus to the associated superspace representation at one loop order.
We will consider the case of gauge theories with closed gauge alge-
bra. Anomalies may in general have a non trivial dependence on the
antields [12, 13]. We will however consider here a regularization pro-
cedure that will only provide for the antield independent part of S.
For gauge theories with closed algebras one can consistently consider
this part separately[14]. Recently proposed non-local[15] or antield
dependent[16] regularization procedures are also out the scope of our
present superspace formulation.
First we will build up a superspace version for the  operator.
Considering a supereld of the form:
(x) = A(x) + B(x) (17)
If we impose the condition that the functional derivative with re-
spect to this object has to satisfy:
(x; )
(x0; 0)
= (x− x0)(− 0) (18)







we can express the derivative with respect to the supereld in terms











An important point to be remarked here is that if we where to
consider elds satisfying a standard BRST algebra, the condition that
the two components of (x; ) = (x)+(x) be independent will not
hold in general. Actually one loop level corrections are just associated




The particular choice of eq.(2) for the enlarged BRST algebra is
thus a crucial ingredient in our formulation. One can see from (6) that
the superelds A(x; ) and A(x; ) associated with this algebra
satisfy condition (19).













where we have indicated explicitly the integrations over space-time
and Grassman variables, omitted in the previous expressions, because
of the non trivial form (the functional derivatives are taken in the
same space time point but in dierent Grassman coordinates).
Using (20) we see that the action of this operator on the total
Action (8) corresponds to:















that is precisely the result that one obtains in the standard BV formal-
ism if the  operator is naively applied to the Classical Action. We
have thus found a superspace representation for this operator. In the
standard approach to the BV quantization for anomalous gauge the-
ories, the next step would be to introduce a regularization procedure,
in order to make sense of the undened expression (23).
The Pauli Villars regularization procedure is the most suitable for
the BV formalism at one loop order[6, 7, 17, 18]. We will consider,
for simplicity, the case of just one Pauli Villars (PV) eld associated
to each eld of the theory. In some cases one needs a set of PV elds
but this modication would not change the superspace structure, as it
will be seen in the example. In the present superspace formulation the
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eld content of the theory is enlarged by the addition of the collective
elds and the gauge xing structure of the associated shift symmetries.
We will build up a Pauli Villars supereld action corresponding to a
collective eld version of the standard PV action, or equivalently, to























A) is the gauge xed action. The important point here is
that we can express this quantity, in the collective eld approach to












− (A ~A) +  [A ] )

(26)
In order to build up the PV superelds we must dene their en-







where S is the action of eq. (8), that actually has no  component,
and impose that the non extended (without collective elds) BRST




Following the steps of section2 we nd the enlarged algebra for the
PV elds and build up the associated superelds:
A(x; ) = A(x) +  [ ]A
~A(x; ) = ~A(x) + ( [ ]A −KAB(
B − ~B) )
A(x; ) = A(x) + B [ ]A (29)
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As usual, the PV elds are dened formally in such a way that
their one loop contributions have a minus sign relative to the original
elds. The action of the operator  on the regularized total action is
thus:

















(S + SPV ) = 0 (30)
The regularized form of S in the non superspace case shows up
in the violation of the zero order master equation associated to the
presence of the mass term. In superspace this absence of BRST in-
variance of the total (regularized) classical action ST = S + SPV is
translated into the presence of a  component in the corresponding
supereld:
ST = S + SPV = ST + ST (31)
The general form of ST is










Integration over the elds [ ]A ; B [ ]A and ~A removes the extended
collective eld structure, recovering the usual result as in [7], that
corresponds in (32) just to the absence of the collective tilde elds.
The next step would be to integrate over the PV elds. We will not
repeat this procedure here as it is widely discussed in the literature[6,
7, 14, 17, 18]. Let us assume that a regularized form of the BRST
change in the total action (ST )Reg: was calculated. If we add the
superelds of eq. (16) up to one loop order terms we nd the relation














4.2 Anomalous gauge theories
Genuine anomalies are characterized by a violation of the master
equation[7]. For this kind of theories, it is not possible to nd an
M1 term in the original space of elds and antields, such that the
master equation (9) is satised. As already explained, in the present
superspace formulation we are considering the particular case in which
the regularization procedure provides just the antield independent
contributions to S. We will thus consider only antield indepen-
dent anomalies and Wess Zumino terms. Under this assumption, the




(W;W ) = A = cA
The symmetries associated to the ghosts c are said to be broken by
the anomalous behavior of the path integral measure. In this case the
BRST transformation for the action has the form
W = ihW − 2ihcA
The supereld associated to the quantum action will then look like
W = W + (ihW − 2ihcA) (34)
It is interesting to discuss in our superspace formulation the mech-
anism of restoring gauge invariance by the inclusion of additional de-
grees of freedom associated to the (broken) gauge group, proposed by
Faddeev and Shatashvili[19]. In the BV formalism this mechanism
is implemented by enlarging the eld antield space[20] by includ-
ing elds associated to the gauge group. This way one can nd a
description for a (potentially) anomalous gauge theory in which the
classical symmetries are realized at the quantum level, at the cost of
some of the gauge group degrees of freedom becoming dynamical. In
the present one loop level superspace formalism this, so called Wess
Zumino mechanism, corresponds to nding out a supereld (involving
the additional eld antield pairs):






such that the supereld action takes the non anomalous form (14) and
one says that the anomalies have been canceled.
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As remarked in [21], another interesting interpretation for this
mechanism of canceling the anomalies in the original gauge symme-
tries, is that actually the anomalies are not canceled but shifted to
a trivial sector of symmetries. One arrives at this result considering
that the extra elds that realize the Wess Zumino mechanism are not
present at the classical level and one should thus include in the classi-
cal action a gauge xing term associated to the invariance with respect
to any shift in these elds . Taking this point of view, the form of the
supereld action, even after the Wess Zumino term is included, still
exhibits an anomaly:
W = W + (ihW − 2ihdA) (36)
but now, contrarily to (34), d are the ghosts associated to the (bro-
ken) trivial shift symmetries of the additional elds. This situation
will be claried in the example of the next section.
5 Example
Let us consider W2 gravity theory as an interesting example of an
anomalous gauge theory that can be cast into the present superspace









The BRST algebra associated to this theory is:
0 = c@
0h = @c− h@c+ @hc
0c = (@c)c (37)
where c is the ghost associated with the original gauge invariance of
S0.
Now we follow the procedure of section 2 and enlarge the eld
content of the theory introducing the collective elds associated to
 ; h and c, represented by tilde elds, the ghosts, antighosts and
auxiliary elds. The W2 version of the superelds of eq.(6) reads:
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(x; ) = (x) +  [ ](x)
~(x; ) = ~(x) + 

 [ ](x)− (c(x)− ~c(x))@((x)− ~(x))

(x; ) = (x) + B[](x)
H(x; ) = h(x) +  [h ](x)
~H(x; ) = ~h(x) + 

 [h ](x)− @(c(x)− ~c(x))
+ (h(x)− ~h(x))@(c(x)− ~c(x))− @(h(x)− ~h(x))(c(x)− ~c(x))

H(x; ) = h(x) + B[h](x)
(x; ) = c(x) +  [ c ](x)
~(x; ) = ~c(x) + 

 [ c ](x) + (@(c(x)− ~c(x)))(c(x)− ~c(x))

(x; ) = c(x) + B[c](x)
(38)
The corresponding supereld action at classical level is:
S = S0 + S1 + S2 (39)







@(− ~)@(− ~)− (H − ~H)(@(− ~))2
i







~ +H ~H +  ~
i






To realize the Wess Zumino mechanism one includes an extra eld
 transforming according to the original gauge transformations as-
sociated to the ghost c and also with an additional shift symmetry
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associated to an extra ghost d , representing the absence of this eld
at classical level [18]:
0  = @c+ c @+ d
We introduce a collective eld structure for this eld, as in section
(2) and build up the superelds:
Ω(x; ) = (x) + [](x)
~Ω(x; ) = ~(x) + 

[](x)− @(c(x)− ~c(x))
− (c(x)− ~c(x))@((x)− ~(x))− (d(x)− ~d(x))

Ω(x; ) = (x) + B[](x)
(40)
Usually one is interested in calculating the contributions from the
matter elds  only, considering the eld h as a background. Therefore
we introduce, as in [21], a Pauli Villars eld associated to  that will
be represented as  and dene the PV supereld action:
S PV = S PV 0 + S PV 1 + SM (41)
with the rst two terms analogous to the corresponding terms of the
original elds:







− (H − ~H)(@(− ~))2

(42)











d2x([] − ~[])2e (−
~) (43)
The PV superelds involved in this action are:
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(x; ) = (x) +  [ ] (x)
~(x; ) = ~(x) + ( [ ](x)− (c(x)− ~c(x))@((x)− ~(x)) )
(x; ) = (x) + B [ ] (x) (44)
Dening now the total action as











At this point we arrive at the standard (non superspace) results.
Actually one needs a set of PV elds i in order to regularize the
above expression. They are, however, all of the same form and, in our
superspace formulation, will all have actions like (41). The regularized
result (after integrating out the PV elds) is[18, 21] :
1
h






(1− )@(c− ~c)− (d− ~d)


@2(h− ~h)− (@@(− ~))− @((h− ~h)@(− ~))
i
(47)
The supereld action at one loop order, using this regularization
will then have the general form:





where M1() is the Wess Zumino term. It is possible to choose
this term in such a way that the anomaly is always shifted to the
trivial symmetry associated to the ghost d. For the  = 0 case the
appropriate choice is:









(H − ~H)(@(Ω− ~Ω))2








(− ~)@@(− ~) +
1
2









− (c− ~c)@3(h− ~h) + (d− ~d)@2(h− ~h)
− (d− ~d)@@(− ~)− (h− ~h)@(d− ~d)@(− ~)






(@2h− @@+ @h@+ h@2)
Considering now  = 1, it can be seen from 47 that in this case the
regularization procedure itself leads to an anomaly only in the trivial
symmetry associated to d. We can thus choose:
M1( = 1) = 0 (50)
and the anomaly will be:







@2(h− ~h)− @@(− ~)
+ (h− ~h)@(− ~)

(51)
Integration over the auxiliary elds leads to the usual non super-
space results, but it is important to stress that the superspace formu-
lation requires the presence of the collective elds and the associated
gauge xing structure.
6 Conclusion
Although BRST superspace formulations for gauge theories have been
known for a while[8], anomalous gauge theories have not yet been con-
sidered in this context. The Batalin Vilkovisky procedure represents
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a very powerful framework for the quantization of this kind of the-
ories. We have shown that the (formal) master equation of the BV
formalism can be represented as the requirement of a (formal) super-
space structure for the quantum action. At one loop order, using the
collective eld approach to BV, we have shown that the Pauli Villars
regularization procedure can be translated to superspace and that the
supered associated to the one loop order term of the action involves
the anomalies and Wess Zumino terms. An interesting point that
remains as an object of future investigation is the extension of this
superspace formulation for the more general cases in which anomalies
and Wess Zumino terms depend on the antields.
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